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Issue to Ta
kle

• Performan
e evaluation and 
ontrol of produ
tionsystems involving 
on�i
ts.
• Two kinds of 
on�i
t to study:

• Routing (as in a rail road swit
h);
• Resour
e sharing.

• Using dioid theory, whi
h was adapted for systemswithout 
on�i
ts.
Olivier Boutin (CWI) 14/09/2010 4 / 45
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First Con�i
t Example: RoutingRouting between twoworkstations

Workstation #1

Workstation #2

A B

GoalModelling the input/outputbehaviour of the globalsystem.
• The workstations realise di�erent operations.
• Raw material arrive at point A. Pro
essed produ
ts are
olle
ted at point B.
• Be
ause of the routing phenomenon, the order of thepro
essed produ
ts 
an be di�erent from the one of thein
oming pie
es of raw material.
• Our approa
h: �nd two behaviours, one slower and theother one faster than the one of the a
tual system.

• Performan
e behaviour, in an approximated way.Olivier Boutin (CWI) 14/09/2010 5 / 45
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Se
ond Con�i
t Example: Resour
e SharingOperator working on two workstations

Workstation #1

Workstation #2

• Pseudo-periodi
 assignment poli
y, whi
h is dependentof the entries.
• For a given supply, it is possible to give an exa
t modelof the system. But we want one whi
h is independentof the entries.
• Our approa
h: work on the assignment poli
y to �ndminimum and maximum waiting times beforeassignment of the resour
e.Olivier Boutin (CWI) 14/09/2010 6 / 45
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About DioidsDe�nition (Ba

elli et al., 1992)A dioid is a semiring (D,⊕,⊗), of whi
h ⊕ law (
alled sum)is idempotent (∀a, a ⊕ a = a).Canoni
al order in a dioid
∀a, b ∈ D, a 4 b ⇐⇒ a ⊕ b = b.Examples: dioids Zmax and Zmin

Zmax Zmin
(Z ∪ {+∞,−∞},max,+) (Z ∪ {+∞,−∞},min,+)3⊕ 4 = 4 (max(3, 4) = 4) 3⊕ 4 = 3 (min(3, 4) = 3)3⊗ 4 = 7 (3 + 4 = 7) 3⊗ 4 = 7 (3 + 4 = 7)3 4 4 4 4 3Olivier Boutin (CWI) 14/09/2010 8 / 45
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Dioid theory

• Algebrai
 
ontext useful for dis
rete event systems(DES's) with syn
hronisations and no 
on�i
ts(Cuninghame-Green, 1979; Ba

elli et al., 1992).
• Fo
us on delays, be
ause of transportations, operatingtimes and resets of workstation equipment.

• A set of intervals endowed with adequate operations
an also be a dioid. This property has already beenused for the study of systems with un
ertain parameters(Litvinov and Sobolevski��, 2001; Lhommeau, 2003).
Olivier Boutin (CWI) 14/09/2010 9 / 45
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Graphi
al RepresentationTimed event graphs (TEG)Petri net so that ea
h pla
e has exa
tlyone in
oming and one outgoing ar
.Delays are atta
hed to pla
es.(Murata, 1989)

A TEG example3 t1 4t2
• Possibility to handle bounded delays, using intervals.Spe
i�
ityThe behaviour of a TEG is represented in a linear way indioids Zmin or Zmax , provided the fo
us on the 
ounting oron the dating of events.Olivier Boutin (CWI) 14/09/2010 10 / 45
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Linearity in Dioids

• The superposition prin
iple holds also in Zmin and Zmax .Therefore, the outputs of a system is a 
onvolutionbetween its entries and its impulse response.
• y(t) =

t
⊕i=0 H(i) ⊗ u(t − i) = (H ∗ u)(t)

• The impulse response of a produ
tion system is itsoutputs provided an in�nite sto
k of raw materialavailable from the very beginning of the observation.
Olivier Boutin (CWI) 14/09/2010 11 / 45
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TEG with Time Un
ertaintiesFlexible manufa
turing workstationu Sup x1 [2, 5] x2 Sdown y

[0, 1] Cworkstation 
apa
ity (3)
pro
essing time (between 2 and 5)

• 3 produ
ts 
an be pro
essed at a time (the operationtaking between 2 and 5 units of time depending of theprodu
t).
• After ea
h operation, possible wait before theworkstation is available (e.g. tool 
hange).Olivier Boutin (CWI) 14/09/2010 12 / 45
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Dioid Zmin : Counting of Events
Counter fun
tionAdds up the number of eventsthat o

urred up to a given date.

• In our appli
ation 
ases:the total number of palletsdete
ted by a sensor at agiven date.
Graphi
al representationof 
ounter fun
tions
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Dioid Zmax : Dating of Events
Dater fun
tionYields the date of theo

urren
es of a given event.

• In our appli
ation 
ases:the date of ea
h palletdete
tion by a sensor.
Graphi
al representationof dater fun
tions
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Con�i
t upon the entriesParallel produ
tion linesu u1 h1 y1un hn yn y

• The entry u is routed to either one of subsystems uiand output y 
olle
ts all outputs yi . The whole systemis denoted (h1|h2| · · · |hn).
• Produ
ts 
an overlap. Hen
e the loss of linearinput/output behaviour.
• Both lower and upper bounds of the system will be
hara
terised, based on the routing poli
ies.Olivier Boutin (CWI) 14/09/2010 16 / 45
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State of the Art of Routing in Petri Nets

• Sto
hasti
 Petri nets (Ba

elli et al., 1991;Ba

elli et al., 1992).
• Models are not linear.

• Free 
hoi
e Petri nets (Ba

elli et al., 1996).
• �Pseudo-linar� models.

• Usual Petri Nets (Libeaut, 1996).
• Sets of equations and inequations that do notguarantee the uni
ity of solutions.

• Continuous Petri nets (Cohen et al., 1998).Our approa
hGetting a linear model, though approximate, in Zminalgebrai
 
ontext.Olivier Boutin (CWI) 14/09/2010 17 / 45
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Need for Spe
i�
 Operators
Hadamard produ
tAdding fun
tions, 
orrespondsin Zmin to a point-to-pointprodu
t, denoted ⊙. Let f andg be two 
ounter fun
tions in
Zmin:
∀t, (f ⊙ g)(t) = f (t) ⊗ g(t)

= f (t) + g(t).
Hadamard produ
texample

Olivier Boutin (CWI) 14/09/2010 18 / 45
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Need for Spe
i�
 Operators (
ont.)
S
aling fun
tionS
aling fun
tion, denoted µn,multiplies a 
ounter fun
tion byan integer n ∈ N.

• The s
ale of the graph is
hanged 
onsequently.
S
aling fun
tion example

Olivier Boutin (CWI) 14/09/2010 19 / 45



ContextModellingCarrier RoutingResour
e SharingCon
lusion andFuture Work
Need for Spe
i�
 Operators (
ont.)
Pseudo inverses
µ♭m(h) , smallest x su
h that

µm(x) 4 h.
µ♯m(h) , greatest x su
h that

µm(x) < h.
• Integer division, eitherrounded up or down.

Other s
aling example
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Periodi
 Routing Between Several Sub-Systems
Periodi
 routing fun
tionLet system h be 
omposed of 2 sub-systems h1 and h2having 
on�i
t upon the entries of raw material. m in
omingpie
es of raw material are �rst routed to h1, then n of thesepie
es are routed to h2, afterwards m of them are routed toh1 and so forth in a 
y
li
 fashion.

• This routing fun
tion upstream h1 and h2 is denotedr = m|n.
Olivier Boutin (CWI) 14/09/2010 21 / 45
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Best Possible BehaviourRouting example

Production rate: 1/3

Production rate: 1/2

A B
1

1 Output production

rate: 5/6

• The global system 
annot provide more pro
essedprodu
ts than what 
an produ
e its di�erentsub-systems.
• Here: 13 + 12 = 56 .
• This produ
tion rate is not dependent of the routing,when an arbitrary high quantity of raw material isavailable as the system starts.Olivier Boutin (CWI) 14/09/2010 22 / 45
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Best Possible Behaviour (
ont.)

• The best possible behaviour is the sum of its internalsub-systems.
• In dioid Zmin: the Hadamard produ
t of their impulseresponses.

• This establishes a lower bound of all possiblebehaviours.
Olivier Boutin (CWI) 14/09/2010 23 / 45
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Case of Identi
al Sub-SystemsEquivalen
e between (h|h)1|1 (a) and µ2(h) (b)

(a) u u1 2 5 y1
u2 2 5 y2 y

(b) u 2 56 yOlivier Boutin (CWI) 14/09/2010 24 / 45
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Case of Identi
al Sub-Systems (
ont.)
Case of a system (h|h| · · · |h)1|1|···|1The impulse response is exa
t and equal to µn(h).

• This is 
ommon sense: adding identi
al resour
esamounts to multiplying the produ
tion rate of oneresour
e by the number of resour
es.
Olivier Boutin (CWI) 14/09/2010 25 / 45
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In�uen
es of the Routing in the Case of Di�erentSub-Systems

• Routing has a in�uen
e when sub-systems are di�erent,be
ause produ
ts 
an overlap. There are two possible
on�gurations:
• Balan
ed routing r = 1|1| · · · |1 ;
• Bat
h routing.

• In the two 
ases, the worst possible behaviour isobtained when 
onsidering that all sub-systems areequivalent to the slowest one.Case (h1|h2| · · · |hn)1|1|···|1
µn(⊕ni=0 hi ).Case (h1|h2)m|n
µm+n(µ♭m(h1) ⊕ µ♭n(h2)).Olivier Boutin (CWI) 14/09/2010 26 / 45
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Summary (Boutin et al., 2009a;Boutin et al., 2009b)

Kind ofsub-system Routingpoli
y Input/output behaviourn identi
alsub-systems
(h|h| . . . |h) Balan
edrouting1|1| . . . |1 Jni=0 h = µn(h)In�mum Upper boundn di�erentsub-systems

(h1 |h2| . . . |hn) Balan
edrouting1|1| . . . |1
Jni=0 hi µn(Lni=0 hi )2 di�erentsub-systems

(h1|h2) Bat
hrouting n|m µm+n(µ♭m(h1) ⊕
µ♭n(h2))Olivier Boutin (CWI) 14/09/2010 27 / 45
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Optimal Periodi
 Routing

• In the 
ase of bat
h routing between 2 di�erentsub-systems, is it possible to �nd optimal parameters mand n su
h that the produ
tion rate of the upper boundis the one of the global system.Chara
terisationWhen the two bounds of the interval of behaviours have thesame produ
tion rate, the size of this interval is minimal andthe produ
tion rate is the best.
Olivier Boutin (CWI) 14/09/2010 28 / 45
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Asymptoti
 SlopeDe�nitionLet h be a 
ounter fun
tionsu
h that
∀t > t0, h(t) = N⊗h(t−T ).The asymptoti
 slope of h isdenoted σ(h) = NT .

• In a produ
tionengineering 
ontext,this is the a
tualprodu
tion rate of thesystem.

Graphi
al Representation
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Asymptoti
 Slope (
ont.)

• TEG's always have a periodi
al behaviour, after apossible warm-up phase.
• Routing fun
tions between two linear parallel systemshas an in�uen
e over the overall produ
tion rate of theglobal system.
• Choosing m|n su
h that mn = σ(h1)

σ(h2) , we get
σ(h1 ⊙ h2) = σ

(

µm+n(µ♭m(h1) ⊕ µ♭n(h2)))
= σ(h1) + σ(h2)

Olivier Boutin (CWI) 14/09/2010 30 / 45
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Two Parallel Lines in a Flexible ShopFlexible shopu u1 3 1 y1

u2 1 4 y2 y
• The two produ
tion rates are σ(h1) = 2/3 and

σ(h2) = 1. So 2/31 = 2/3, whi
h implies m = 2 etn = 3.
• Routing fun
tion r = 2|3 guarantees a globalprodu
tion rate of

σ
(

(h1|h2)2|3) = σ(h1) + σ(h2) = 5/3.
• This is the best possible produ
tion rate.Olivier Boutin (CWI) 14/09/2010 31 / 45
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Graphi
al Representation
• For any entry u, theoutput of system

(h1|h2)2|3(u) isin
luded in interval
[h ∗ u, h ∗ u].

• The white areas
orrespond to theun
ertainties due tothe routing.
Impulse response of the twobounds of the interval

0

2

4

6

8

1 0

1 2

1 4

1 6

1 8

2 0

2 2

2 4

2 6

0 2 4 6 8 1 0 1 2 1 4 1 6 1 8 2 0 t i m e

e v e n t s

h

h

Olivier Boutin (CWI) 14/09/2010 32 / 45



ContextModellingCarrier RoutingResour
e SharingCon
lusion andFuture Work
Next
◮ Context
◮ Modelling
◮ Carrier Routing
◮ Resour
e Sharing
◮ Con
lusion and Future WorkOlivier Boutin (CWI) 14/09/2010 33 / 45



ContextModellingCarrier RoutingResour
e SharingCon
lusion andFuture Work
Con�i
ts Over Resour
es
First exampleAn operator 
an be working on more than one workstationat the same time.

• Problem to solve when pie
es of raw material arrive onboth workstations.
• An assignment poli
y is available, but the in
oming ofthe produ
ts is unpredi
table.

Olivier Boutin (CWI) 14/09/2010 34 / 45
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State of the Art of Resour
e Sharing in Petri Nets

• Sharing only one resour
e (Al Saba et al., 2006a).
• Stati
 assignment poli
y of the resour
e(Trouillet et al., 2007; Al Saba et al., 2006b).
• Set of equations and inequations (Libeaut, 1996;Corréïa et al., 2009).Our approa
hVirtual splitting of the two produ
tion lines, dupli
ating theresour
e and limiting the produ
tion by adding un
ertaindelays.Olivier Boutin (CWI) 14/09/2010 35 / 45
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Con�i
t ZonesA 
ommon se
tion needs a predi
tive or in-line s
hedulingfor parts to through.A merging jun
tion will be seen as a resour
e managed by amutual ex
lusion poli
y.Two possible behaviour for a pallet:

• It 
an go through withoutwaiting. (best 
ase)
• It must wait for another pallet
oming from the other bran
h.(worst 
ase)

Interse
tion
Olivier Boutin (CWI) 14/09/2010 36 / 45
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Modelling an Interse
tionPrin
iple sket
h
In Petri netsu1 S1 t1

τW1W1 t2 y1R
τW2W2t3S2u2 t4 y2Olivier Boutin (CWI) 14/09/2010 37 / 45
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Getting Parallel TEG's (Boutin et al., 2008a;Boutin et al., 2008b)Splitting u1 [0, τW2 ] t1 τW1 t2 y1

[0, τW2 ]
[0, τW1 ]

τW2t3[0, τW1 ]u2 t4 y2Olivier Boutin (CWI) 14/09/2010 38 / 45



ContextModellingCarrier RoutingResour
e SharingCon
lusion andFuture Work
Appli
ation CaseTransfer Line with inter
onne
ted sub-systems

• Two loops sharing a 
ommon se
tion.
• Need to rule the entry of the pallet in order to disabledeadlo
ks. This 
an be done from the very loadingpoint.Olivier Boutin (CWI) 14/09/2010 39 / 45
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TEG of the Transfer LineFirst Petri net model

uHippoτ ′Hippo t1 τC2→C3 t2
τC1→C3t3τLoaduL/U t4

τShared t5τHippot6τWork
τShared t7 τUnloadyL/UOlivier Boutin (CWI) 14/09/2010 40 / 45
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TEG of the Transfer LineTEG obtained thanks to our approa
h
uHippo

τ ′Hippo [0, τC1→C3 ]t1 τC2→C3 t2
[0, τC1→C3 ]
[0, τC2→C3 ]

τC1→C3t3[0, τC2→C3 ]τLoaduL/U t4
τSharedt5

τHippot6τWork

τShared t7 τUnloadyL/U
Olivier Boutin (CWI) 14/09/2010 41 / 45
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Con
lusion

• Approa
h for modelling produ
tion shops in
luding
on�i
ts.
• Chara
terisation of 
orresponding systems without
on�i
ts, of whi
h behaviours are slower or faster thanthe one of the studied system.
• Study of 
arriers routing:

• Balan
ed between any number of di�erent sub-systems.
• With bat
hes between 2 di�erent sub-systems.

• Study of resour
e sharing with dynami
 assignmentpoli
y.
Olivier Boutin (CWI) 14/09/2010 43 / 45
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Future Work

• Study more general forms of 
on�i
ts.
• Study more 
omplex systems, in
luding both kinds of
on�i
ts.
• Put this approa
h to the test on a real 
ase (alreadydone, but for exa
t models (Boutin et al., 2007) -without intervals).

Olivier Boutin (CWI) 14/09/2010 44 / 45
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